The main objective of this paper is to show that the three valuation methods (see formulas [1] , [2] and [3] ) always yield the same result. The paper also helps to think more about the meaning of the formulas and their relationships. Taxes L = Taxes paid by the levered company GOV U =NPV of TaxesU = portion of the value of the unlevered company that belongs to the government. GOV L =NPV of TaxesL = portion of the value of the levered company that belongs to the government.
The WACC approach to firm valuation:
The flows to equity approach to equity valuation: 
Relationships implied by the valuation formulas
Because [1p] and [2p] must yield the same result, using [4p], we get:
Some algebra and we get the definition of WACC: The NPV of taxes paid by the levered company, which is the portion of the value of the company that belongs to the government (GOV L ) is (7):
GOV L = T PBT / Ke = T PAT L / [(1 -T) Ke] = T CFacc / [(1 -T) Ke]
The NPV of taxes paid by the unlevered company, which is the portion of the value of the unlevered company that belongs to the government (GOV U ) is
GOV U = T FCF / [(1 -T) Ku] The NPV of interest tax shield is: GOV U -GOV L = [T/1-T)] [FCF/Ku -CFacc/Ke]
From [10] , and using [5] , [6] and [7] , we get
[11]
Because [1p] and [3p] must yield the same result, we get:
[12]
Formula [12] means that (if T>0) WACC is smaller (9) than Ku.
From [3p] we find another formula to value the equity:
[13] [ Table 1 shows the valuation of 4 companies without growth. The four companies have different debt and tax rates. Company 1 is a company without debt and T=0. Company 2 is a company without debt and T=35%. Company 3 is a company with debt = 1000 million and T=0. Company 4 is a company with debt = 1000 million and T=35%. We calculate the value of the equity using the three valuation formulas ( [1p] , [2p] and [3p] ) and we get the same result (see lines 20, 23 and 26). Lines 1 to 5 show the P&L of the four companies. Line 8 shows the available cash flow for shareholders (CFacc). Line 9 shows the Free Cash Flow (FCF). Line 10. We assume the unlevered beta = ßu = 1. Line 11. We assume the risk-free rate = RF = 12%. Line 12. Market premium = E (Rm -RF) = 8%. Line 13. Cost of unlevered equity = Ku = RF + ßu E(RmRf) =20%. Line 14. Value of unlevered company (Vu = FCF/Ku) = 5,000 millions when T=0 and 3,250 millions when T= 35%. Line 15. Value of debt. Line 16 is the cost of debt (Kd). Line 17. Beta that corresponds to debt according to [7] . Line 18. NPV of interest tax shields, which for these companies (perpetuities without growth) is DT. The relationship between FCF and CFacc: The NPV of taxes paid by the unlevered company, which is the portion of the value of the unlevered company that belongs to the government (GOV U ), is
14] K T u = K u ; K T L = Ke

Examples of companies without growth
The NPV of taxes paid by the levered company, which is the portion of the value of the company that belongs to the government (GOV L ), is (12):
The NPV of the interest tax shield is:
Taking into account [10] and [15], we find [16] and [17] :
[16] NPV of interest tax shields = DT Ku / (Ku-g)
At first, it would appear that this formula implies that debt has a cost of Ku , and that the interest tax shields are discounted at Ku , but this is not the case (13). The NPV of interest tax shields is not (and this is the main error in previous papers on this topic) the NPV of a unique flow, but the difference of two NPVs of two flows with different risk: the NPV of the taxes paid in the unlevered firm and the NPV of taxes paid in the levered firm. Our formula is the difference of the two NPV. Obviously, the flow of taxes paid by the levered firm is smaller, but riskier than the flow of taxes paid by the unlevered firm.
[17]
[17] can also be written as (14) In Exhibits 1, 2, 3 and 4, the difference between PBT and FCF is only due to the increase in working capital requirements: H = g WCR. In Exhibit 1**, the difference is also due to increases in net fixed assets: H = g (WCR + NFA). 
[18]
The «maximum theoretical debt» that the company can support, that is, debt when C = 0, is (when CFacc = 0) (15):
In this situation, as [18] holds, Kd = Ku, then from [4c]:
Examples of companies with constant growth
Exhibits 1, 1**, 2, 3 and 4 show the valuation of five different companies with constant growth of 5%. Exhibit 1** differs from Exhibit 1 only in net fixed assets: Exhibit 1 has constant net fixed assets (as do Exhibits 2, 3 and 4), but in Exhibit 1** net fixed assets also grow 5%. The companies all have different Debt and Tax rates. Exhibits 1 and continuation show two companies with an initial Debt = 500 and T=35%. Exhibit 2 shows a company with an initial Debt=500 and T=0 (no taxes). Exhibit 3 shows an unlevered company (no debt) with T=0. Exhibit 4 shows an unlevered company (no debt) with T=35%. We calculate the value of the equity using the three valuation formulas ( [1c] , [2c] and [3c] ) and we get the same result (see lines 53, 56 and 61). Table 2 shows some of the results of these five exhibits and provides explanations of the lines. Table 2 . Cash-flows, discount rates and values of companies with constant growth (g = 5%)
Numbers come from Exhibits 1 to 4
Exhibits that correspond to these values 
1,000 1,000 1,000 1,000 950 --500 --500 500 (lines 44 and 47) 6,667 6,667 6,667 6,667 6,334 and the most noticeable:
[20]
NPV OF INTEREST TAX SHIELDS =
The following relationships are also important: 
An example of valuation
Exhibit 5 shows the valuation of a company (16) that grows (but the pattern of growth is not constant) until year 9. After year 10, we assume a constant growth rate of 5%. Table 4 shows a sensitivity analysis for the value of the shares (C) when t = 0. 
13% ------------------------------------------------------------------------------------------------
Unlevered company without taxes:
Formulas when the nominal value of debt (n) is not equal to the «market value» (D)
In previous sections we have assumed that r = Kd, but if r ≠ Kd then the value of debt (D) will be different from its nominal amount (N).
N is the nominal value of debt (the money that the company has received), r is the interest rate paid and Nr the annual interest paid.
Kd is the required return of the debt: the «reasonable» rate that would be required by the bondholders or the bank (depending on the business risk and the amount of the debt) (17) if they had the same information that the shareholders have and if they did not expect any agency costs.
Perpetuities
For perpetuities, Nr = DKd, and it can be shown that formulas For these companies, we have to introduce some changes in the equations that we developed in the previous sections because
It [16] when N = D, which means r = Kd.
[16']
Some other interesting formulas are: 
General case
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A formula for Kd
We still do not have a formula for Kd, the «reasonable» rate that would be required by the bondholders or the bank. We can also think of Kd as the «reasonable» required rate of the debt flows for a person who thinks that the «reasonable» required rate for the FCF is Ku. Another way of thinking about Kd is to assume that debt and equity belong to the same person: if this person thinks that Ku is the «reasonable» required rate for the FCF, Kd is the «reasonable» required rate for the debt flows.
Formula [10] tells us the relationship among Ku, Ke and Kd for any level of debt, but so far we do not have any formula to calculate Kd given (Ku) and the debt level.
From formulas [13] or [19] , we can calculate the «maximum theoretical debt» that the company can support, that is, debt when C = CFacc = 0. With this leverage, Kd = Ku because the debt supports the same risk as the unlevered equity.
On the other hand, the required rate of return for a minimum debt (think of a debt of $1) should be RF. A formula for Kd that fulfills both requirements is [21]:
[21] ; which (18) means:
[21] and [22] imply Ke -Kd = Ku -RF = b U PM Other interesting relationships are:
Note that in this paper we are considering FCF and Ku independent of leverage. 
Impact on the valuation
Exhibits 6 and 7 provide a comparison with the firm reflected in Exhibit 5 when D is different from N. To value (D), we use formula [21] in Exhibits 6 and 7. Exhibit 7 differs from Exhibit 6 in the interest rate paid by the debt: r= 17% instead of 15%. Table 5 shows the differences between Exhibits 5, 6 and 7. Table 6 has more information about the impact of further changes in r (in Exhibits 6 and 7) on the value of the different stakeholders of the company. To value D, we get Kd using formula [21] . (1) I would like to thank CIIF (International Center for Finance Research) and its director Natalia Centenera for their financial support and for their encouragement. Professor Rafael Termes gave me the initial push to think about these valuation issues. I also would like to thank Prof. Carliss Baldwin (my main professor of corporate finance and the director of my dissertation committee at Harvard), Prof. Timothy Luehrman and Prof. Scott Mason, who taught me the correct way to approach the issues in this paper.
Finally, I would like to acknowledge the help of my MBA and PhD students at IESE, who encouraged me to think about the valuation formulas that appear in this paper. I wish to thank specially Christopher Golembiewski for his suggestions.
(2) This paper is based on a 90-page note that I have in Spanish for my second-year MBA students. The Spanish version includes more examples and comments; the impact of using reduced formulas for ß L ; charts, etc.
(3) Note that FCF= CFacc when the company has no debt (4) We assume that Kd (required return for debt) is equal to the interest rate that the company pays for the debt (r). In this situation, D (value of debt) is equal to par value. In section 5 we will show how formulas change when Kd ≠ r, and will provide a tentative formula for Kd.
(5) This equality only holds for perpetuities with no growth. For other companies see sections 3 and 4 of this paper.
(6) Note that FCF and FCFo have the same risk. Their required rate of return is Ku.
(7) PAT = PBT (1 -T). PBT is the profit before taxes.
(8) Note that [3p] assumes Modigliani-Miller. It also assumes that FCF is independent of leverage. We are not considering bankruptcy costs.
(9) Another consequence of [12] is that if T is large enough, WACC can be smaller than R F .
(10) In Exhibits 1 to 5 it will be clear that, in general, PBT U ≠ FCF 0 .
(11) For simplicity, we will assume that H is proportional to FCFo, then FCF and FCFo have the same risk: their required rate of return would be Ku. But this assumption is not necessary for the conclusions of this paper.
(12) K TL is the required return for the taxes paid by the levered company. 
(16) The three valuation methods give the same value for any company. Also, when RF changes over time and when Ku changes over time.
(17) We can also think of Kd as the «reasonable» required rate of the debt flows for a person who believes the «reasonable» required rate for the FCF is Ku.
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The first problem with this formula, as we have already said, is that it discounts a flow (DT Kd) at the debt rate, even though DT Kd is the difference of 2 flows (Taxes U and Taxes L ) with different risk.
The second problem is that the three valuation formulas (formulas We can see that if g > Kd (1 -T), then Ke < Ku, which makes no sense. 
